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Abstract. In this paper we determine a minimal set of generators for the Cox 
rings of extremal rational elliptic surfaces. Moreover, we develop a technique 
for computing the ideal of relations between them which allows, in all but three 
cases, to provide a presentation of the Cox ring. 



Introduction 

Let X be a smooth projective rational surface over C and tt : X — > be a 
jacobian elliptic fibration on X. In this paper we are interested in the Cox ring of 
X, which is the Pic(X)-graded ring defined as follows (see section 1): 

Tl{X):= H'^iX.OxiD)). 

[D]ePic[X) 

By [ALII] the Cox ring Ti-iX) is a finitely generated algebra if and only if the 
Mordell-Weil group of vr is finite, which means that tt admits just a finite number 
of sections. The elliptic fibrations with such property are called extremal^ after 
the work of Miranda and Pcrsson who classified them in [MP86]. The following 
table describes the Kodaira type of the singular fibers and the structure of the 
Mordell-Weil group for each such surface. 



Surface 


Type 


MW(7r) 


Surface 


Type 


MW(7r) 


X22 


ir II 


{0} 


-''^431 


IV* I3I1 


Z/3Z 




X211 


ir 211 


{0} 


-''^222 


1*2 2I2 


{Z/2ZY 


B2 


X411 


11 211 


Z/2Z 


-''^141 


n 14I1 


Z/4Z 






I9 3Ii 


Z/3Z 


-'^6321 


le I3 12 Ii 


Z/6Z 






III* III 


Z/2Z 


^11 (a) 


91* 




B2 


-^^321 


III* I2 Ii 


Z/2Z 


-'^5511 


2I5 2I1 


Z/5Z 




-^^^82 11 


Is I2 2I1 


Z/4Z 


-'^4422 


2I4 2I2 


Z/4Z® 


Z/2Z 


X44 


IV* IV 


Z/3Z 


-'^3333 


4I3 


(Z/3Z)^ 


B2 



Table 1. Extremal rational elliptic surfaces. 



The aim of this paper is to give an explicit presentation for the Cox ring of 
extremal elliptic surfaces, i.e. to provide a minimal set of generators for TZiX) and 
to describe the ideal of relations between them. 

We now give a short description of the content of the paper. 
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In the first section we recall the basic properties of elliptic fibrations and some 
preliminary results about Cox rings. 

In the second section we provide a set of generators for the Cox ring of any 
extremal rational elliptic surface. The elements of such set are the distinguished 
sections introduced in Definition 2.8. 

The third section deals with elliptic surfaces of complexity one, i.e. carrying 
an action of C*. These are the surfaces X22, X^^, X44 and Xii{a),a e C — {0}. 
The Cox ring of such surfaces is computed by means of a technique developed 
in [Hau, §3.3]. 

In the fourth section we provide a method for computing the ideal of relations 
of TZ{X). This allows to compute explicitely the Cox ring of all extremal rational 
elliptic surfaces except for ^8211, -''^giii, -'S^4422- 

Finally, in section five we apply the previous results to compute the Cox ring 
of certain generalized del Pezzo surfaces which are dominated by extremal rational 
elliptic surfaces. 

Aknowledgments. We thank Damiano Testa for several useful discussions. 

1. Basic setup 

1.1. Elliptic surfaces. We briefly recall some well known facts about elliptic fi- 
brations, a good and recent reference for these results is [S' SIO]. 

Let X be a smooth projective surface over C and tt : X ~> ¥^ he an elliptic 
fibration, that is a morphism whose general fiber is a smooth curve of genus one. 
In what follows we will assume tt to be jacobian, i.e. tt admits a section. Given a 
zero section Pq, the set of sections of tt forms a finitely generated abelian group, 
the Mordell-Weil group of tt, which will be denoted by MW{Tr). 

The singular fibers of an elliptic fibration have been classified by Kodaira [Kod] 
according to the types I„ (n > 1), II, III, IV, 11*, III*, IV*, i; (n > 0). The intersec- 
tion graph of some of the reducible fibers is represented in Figure 1, where each 
vertex represents a (— 2)-curve and the number near to it is its multiplicity. 
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Figure 1. Some reducible fibers of an elliptic fibration 
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A smooth projective rational surface with a jacobian elliptic fibration tt : X — > 
is known to be isomorphic to the blow-up of the projective plane at nine points, 
eventually infinitely near. In fact, X carries a unique elliptic fibration, induced by 
the pencil of cubics in through the nine points. Since the class of a fiber of tt is 
the anticanonical class, the sections of tt are exactly the (— l)-curves. 

Rational elliptic surfaces with finite Mordell-Weil group have been classified by 
Miranda and Persson in [MP86]. The result of the classification is given in Table 1. 
In Table 2 we give the equation of a pencil of cubic curves giving rise to any such 
surface. 



Surface I Pencil of cubics 



X22 
X211 

^9111 

-^^321 
-^^82 11 
X44 

-^^431 
-^^^222 
-^^^141 
-''^6321 

Xn(a) 
X4422 

-^^3333 



(x\ + xlx2) + txl 

{x\ 



xlx2 



xlx2) 







(XqXi + + X1X2) + tXiX2 — 
{XqXi + x\x2 + x\xq) + tXQXiX2 — 
Xo{xoX2 — x\) + tx\ — 
Xo{xoX2 — xl+ X1X2) + tX2 ~ 

{xq — a::i)(a;oa;i — x^) + txQXiX2 — 

XiX2{xi — X2) + tXQ = 
XiX2{xq + Xi+ X2) + tXQ = 

X^Xi{X{) — Xi) + t{x\ + 2X[)XiX2 — 2x1x2 — XqX2 + X1X2) = 

a;2(a;oa;i - xj + XQX2) + txoXi{xo - xi) = 

{Xo + Xi){xi + X2){xo + X2) + tXoXiX2 = 

xiX2{xi — X2) + t{xi — ax2)x1 = 0, a e C — {0, 1} 

{Xi + X2){xo 4- Xi){xo + Xi + X2) + tXoXiX2 = 

(xo - X2){xq - 2xi + X2){xq + 2xi + X2) + tXQXiX2 = 



tXoXiX2 = 0. 



Table 2. Pencils of cubics inducing extremal elliptic surfaces 



In what follows, it will be useful to know the intersection matrix for the curves 
with negative intersection on X. We recall that, in case MW{tt) is finite, two 
sections of tt do not intersect by [Mir89, Proposition VII. 3. 2.]. The intersections 
between the torsion sections and the reducible fibers of extremal rational elliptic 
surfaces, which can be computed by means of the height formula [Shi90], are sum- 
marized in Table 3. In the following we will denote by G| the «-th component, 
with the notation in Figure 1, of the j-th reducible fiber (once a numbering of the 
reducible fibers is chosen) . In particular 0q will denote the component intersecting 
the zero section. If the Mordell-Weil group is isomorphic to Z/nZQ)Z/mZ, n > m, 
we denote by Pi a generator of Z/nZ and by Qi a generator of Z/mZ. Moreover, 
Pj denotes the section which is j times Pi with respect to the group law of the 
Mordell-Weil group. 

1.2. Cox rings. The Cox ring of a complete normal variety with finitely generated 
and free class group Cl{X) can be defined as follows: 

n{X) := 
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Surface 


MW{Tr) 


Intersection properties 


-'^^411 


Z/2Z 


Pi • 98 = 1 


^9111 


Z/3Z 


Pi • 63 = 1 


-^33, -'^321 


Z/2Z 


Pi • = Pi • = 1 


-^8211 


Z/4Z 


Pi • 91 = Pi • = 1 




Z/3Z 


Pi • 9^ = Pi • 9| = 1 


X222 


(Z/2Z)®2 


Pi • 9i = Pi • 9^ = Pi • 9? - 1 

yi • Wg — C^l • Ul — C^l • Wq — 


-^^141 


Z/4Z 


Pi • 91 = Pi • 92 = 1 


-'^6321 


Z/6Z 


Pi • 91 = 1, i = 1,2,3 


^11 (a) 


(Z/2Z)®2 


Pi • 9} = Pi • 9? = 1 
Qi • 91 = Qi • 92 = 1 


-^5511 


Z/5Z 


Pi . 9} = Pi • 92 = 1 


-'^4422 


Z/4Z® Z/2Z 


Pi -91 = Pi -9^ = 1, z = 1,2,3 
Qi-9HQi-0o = Qi-0i = l- i = 3,4 


-^^3333 


(Z/3Z)®^ 


Pi -91= Pi -9^ = 1, 1 = 1,2,3 
Qi.91=Qi-92 = Qi.93 = l, i = l,4 



Table 3. Intersections between sections and reducible fibers 



where if is a subgroup of Div{X) such that the class map K — ^ C\{X) is an 
isomorphism (see [ADHL]). Given a homogeneous element / of TZ{X), we will denote 
its degree with deg(/) G Cl{X) and we will say that / is the defining section of a 
divisor E \i E = div(/) +D, where D & K \s the representative for the class deg(/). 
Moreover, we will say that Ti-iX) is generated in degree [D] £ Cl{X) if any minimal 
set of generators of Tl{X) contains an element of such degree. 

If TZiX) is a finitely generated algebra, then X is called a Mori dream space. By 
[ALII, Theorem 4.2, Corollary 5.4] a rational elliptic surface tt : X — ^ is a Mori 
dream space if and only if the Mordell-Weil group of tt is finite, or equivalently if 
the effective cone of X is rational polyhedral. We observe that if X is an extremal 
elliptic surface then the effective cone is generated by the classes of the negative 
curves of X, i.e. (—1)- and (— 2)-curves, by [ALII, Proposition 1.1]. 

We now recall a standard result for proving that TZ{X) is not generated in degree 
[D], where D is an effective divisor on X. Let Ei,E2 be two disjoint curves of X 
not linearly equivalent to D and xi,X2 G T^iX) be their defining sections. Then 
there is an exact cohomology sequence: 

i?0(X, D-Ei)® H°{X, D - E2) -^H°{X, D) -^H^X, D - Ei - E2), 
where g*{s,t) = sxi + tx2 ■ 

Lemma 1.1. // g* is surjective, then 'R-{X) is not generated in degree [D]. In 
particular this holds if h^{X, D — Ei — E2) — 0. 

We finally state a proposition which is an immediate consequence of a result by 
Harbourne [Har97, Theorem III.l]. Observe that a nef divisor on a rational elliptic 
surface is linearly equivalent to an effective divisor by Riemann-Roch theorem. 
Moreover, as a consequence of the following result, the linear system associated to 
a nef divisor is base point free if and only if it has no components in its base locus. 
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Proposition 1.2. Let tt : X — >■ be a rational elliptic surface and let D be a nef 

divisor of X . 

(i) // -Kx ■D>0, then h^iX, D) = 0. 

(ii) If —Kx ■ D>2, then \D\ is base point free. 

(iii) // —Kx ■ D — 1, then D ^ —aKx + P for some positive integer a, where 
P is a section o/tt; in this case \D\ contains P in its base locus. 

(iv) // —Kx -0 = 0, then D ^ —aKx for some non-negative integer a and 
h^{X,D) = a. 

2. Generators for the Cox rings of extremal 
rational elliptic surfaces 

In this section wc will determine a minimal set of generators for any extremal 
rational elliptic surface X. We start proving that the degrees of the generators of 
Ti-{X) are at the boundary of the nef cone. 

Proposition 2.1. Let tt : X — > be an extremal rational elliptic surface and D 
be an ample divisor on X. Then TZ{X) is not generated in degree [D]. 

Proof, li X ^ -^3333, then it contains two (— 2)-curves £'i,i?2 which either belong 
to distinct fibers of tt and do not intersect the same section, or belong to the same 
fiber and have distance at least two (in the intersection graph). The existence of 
such pair of curves can be easily verified looking at Table 1 and Table 3. The 
divisor D - Ei - E2 is nef and -Kx ■ {D - Ei - E2) = -Kx ■ D > 0. Thus 
h^{D -Ei-E2)^0 by Proposition 1.2. 

U X = X3333 let Ei,E2 be two disjoint (— 2)-curves and let B := —Kx + D — 
El — E2. Since the only curve of negative self-intersection intersecting both Ei and 
E2 is a section and D is ample, then B is nef. Moreover, since D — Ei is nef and 
—Kx — E2 ^ E'2 + E2, where E2 and E2 are the remaining components of the 
reducible fiber containing E2, then B'^ = {D - E-^f + 2{D - Ei) ■ (E'2 + E'^) + 
{E'^ + E'^f > 4 - 2 > 0, so that B is big. Thus h^{D - Ei - E2) ^ by the 
Kawamata-Viehweg vanishing theorem. In both cases the statement follows from 
Lemma 1.1. □ 

Definition 2.2. A connected and reduced curve i? of X is a generalized (— 1)- 
curve if there exists a morphism to a smooth surface contracting E to a, point, a 
generalized {—2)-curve if the intersection graph on its irreducible components is a 
Dynkin diagram. 

It follows easily from the definition and Castelnuovo's criterion [Har77, Theorem 
5.7] that a generalized (— l)-curve is either a (— l)-curve or a chain of (— 2)-curves 
with a (— l)-curve at one extreme. 

Lemma 2.3. Let N be a connected and reduced divisor of X such that the inter- 
section form on the irreducible components of its support is negative definite. Then 
N is either a generalized {—2)-curve or a generalized {—l)-curve. 

Proof. If N only contains (— 2)-curves, then it is a generalized (— 2)-curve since its 
support is properly contained in a fiber of tt. 

Now assume that N contains a (— l)-curve. If N contains a generalized (— 1)- 
curve E and two (— 2)-curves F, G intersecting E simply, then {2E + F + G)^ = 0, 
giving a contradiction. Moreover, if E, E' are two (— l)-curves in N and F a chain 
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of (— 2)-curves intersecting both simply, then {E + E' + FY = 0, again giving a 
contradiction. We recah that E and E' are disjoint since they are torsion sections. 
This imphes that is a generaUzed (— l)-curve. □ 

2.1. Conic bundles. Let I? be a conic bundle, that is an effective divisor such 
that = 0, —Kx -0 = 2 and \D\ is base point free, so that the morphism 
associated to \D\ is a rational fibration. We now identify the conic bundles on X 
giving generators for the Cox ring. 

Proposition 2.4. Let D be an effective divisor on X such that = and \D\ 
is base point free. Then either D ^ aF , o > 0, where F is a fiber of n, or D is a 
conic bundle. Moreover, TZ{X) is generated in degree [D] exactly in the following 
cases: 



X 


D 


X221 -^^2117 -'^411; -''^giii 


F 


-^^22, -^^211 


2Po + 2Eto e. + eg + es 




P0 + P1+O0 + EL2 ©. + ©8, 

2Po + 290 + 2 EL2 ©« + ©7 + ©8, 
2Pi + 2 J2t2 ©^ + 2©8 + ©0 + ©1 


-''^8211 


Po+Pl+E^^^&h 
Po + P^+E^^r^}^ 

Pl+P2+Y.^^^Q], 
^2+P3+E,^5 0' 


-'^giii 


^^0+^^2+ELo ©- 

P0 + P1+ E'-3 ©* + ©0, 

^^1+^^2+EIo©^ + EL©^ 


-^^^33, -^^321 


^^0 + Pi+ELo©^ 



where the notation is as in Table 3. 

Proof. Since — and ~Kx is nef, then by adjunction formula either —Kx ■ D = 
and g{D) = 1 or ~Kx -0 — 2 and g{D) = 0. In the first case, by Hodge index 
theorem, D ^ aF, where P is a fiber of tt and a is a positive integer. 

Observe that Tl{X) has a generator in degree [F] — —Kx if and only if H^{X, —Kx) 
is not generated by sections of negative curves, i.e. if tt has a unique reducible fiber. 
Similarly, if D is a conic bundle, Ti-iX) has a generator in degree [D] if and only if 
the rational fibration associated to \D\ has a unique reducible fiber (observe that 
any conic bundle has at least a reducible fiber by Kleiman criterion). 




Figure 2 . Reducible fibers of conic bundles 
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Let Dhe a reducible fiber of a conic bundle and let L>™'^ be the sum of its integral 
components. Since —Kx -0 — 2, then D either contains two (— l)-curves or a (— 1)- 
curve with multiplicity two in its support. Let i? be a curve in the support of D^"^"^ 
such that D^'^'^ — E is connected. Since the intersection form on the components of 
jjred _ £; ig negative definite, then D^'^'^ ~ E is either a generalized (— l)-curve or a 
generalized (— 2)-curve by Lemma 2.3. This implies that the support of D has the 
structure described by one of the diagrams in Figure 2, where the white vertices 
represent (— l)-curves and the remaining ones represent (— 2)-curves. Moreover, 
D is the unique reduced divisor with the given support and with — 0: the 
multiplicity of each component is given by the number above each vertex in Figure 
2. □ 

2.2. Nef and big divisors. Let D be an effective divisor without components in 
its base locus. A, B be two smooth disjoint curves such that D ■ A ^ and sa^sb 
two sections defining A and B. Then we have the following diagram: 

77"(X,L>-S) 

niB 

^ H^{X, D-A) H^i^x, D) > Oa) - C 

where toa,tob are the multiplication maps by sa and sb respectively, ta is the 
restriction to A and the horizontal sequence is exact. 

Lemma 2.5. // I? — i?) > and A is not in the base locus of \D — B\, then 

H^{X,D) is generated by H'^{X,D — A), H°{X,D — B) and the defining sections 
of A and B . 

Proof. Observe that D—A is effective and rA is surjective, since otherwise \D\ would 
contain components in its base locus. Since A is not in the base locus of \D — B\ then 
rA o niB is also surjective. Given / G H^{X,D), let r^(/) — c £ H^{A,Oa) and 
let g e H°{X,D- B) such that rAoniBig) = c, then f - rriBig) G H°{X,D - A), 
proving the statement. □ 

Let D he & nef and big divisor such that \D\ is base point free. In what follows 
we will denote by D-^ the set of negative curves orthogonal to D. Since > 0, the 
orthogonal complement of its class in Pic{X) is negative definite by Hodge index 
theorem. Thus, if D-^ is not empty, the intersection form on the elements of 
is negative definite. By Lemma 2.3 each connected component of is either a 
generalized (— l)-curve or a generalized (— 2)-curve. 

Proposition 2.6. Let D be a nef and big divisor such that \D\ is base point free 
and such that only contains {—l)-curves or only contains {—2)-curves, then 
Ti-iX) is not generated in degree [D\. 

Proof. In both cases we will explain how to choose A and B in order to apply 
Lemma 2.5. 

We first assume that only contains (— l)-curves and let ^ be a (— l)-curve 
in . If X contains another (— l)-curve B, then the divisor D — B is nef. If 
-Kx ■ [D - B) = I, then D = -aKx + B + B' hy Proposition 1.2, where B' is a 
(— l)-curve. Since tt has always a fiber with more than two components, then there 
exists a 2)-curve orthogonal to both B and B' (and thus to D), contradicting 
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the hypothesis on D. Thus —Kx ■ {D — B) > 2 and D — B is base pomt free by 
Proposition 1.2. 

If X only contains a (— l)-curve A G D-^, then X = X22 or X211. In both 
cases we can choose a (— 2)-curve B which does not intersect A and intersects any 
other (— 2)-curve in at most one simple point. Observe that D — B is nef and 
—Kx ■ {D ~ B) = —Kx ■ D > 2, thus D — B is base point free by Proposition 1.2. 

Finally, if only contains (— 2)-curves, let ^ be a (— 2)-curve in and B be 
a smooth fiber of tt. As before, D — B is nef and base point free by Proposition 
1.2. □ 

Proposition 2.7. Let D be a nef and big divisor such that \D\ is base point free, 
B be an integral curve in D-^ and N be the connected component of which 
contains B . Then one of the following holds: 

(i) all the components in the base locus of \D — B\ are contained in N ; 

(ii) D ^ —Kx + B + C; where B and C are distinct (—l)-curves. 

Proof. Since \D\ is base point free, then tp := V\d\ : ^ — >■ ^ is a morphism onto a 
normal surface. Moreover, since the only negative curves of X are (—1)- and (— 2)- 
curves, then Y has at most ADE singularities. Let E be the exceptional divisor 
of cp over f{B). Observe that the support of is iV since it is the connected 
component of which contains B. If = — 1, then £^ is a reduced divisor and 

is a generalized (— l)-curve, so that iy9(-B) is a smooth point. Otherwise, E is the 
fundamental cycle of an ADE singularity, so that E^ = —2 and A^ is a generalized 
(-2)-curve (see [BHPVdV04, §3, Chapter III]). 

We begin by showing that E — B is contained in the base locus of \D — B\. To this 
aim, consider a non-trivial decomposition E = Ei + E2 where both Ei and E2 are 
effective divisors. We have that Ef < —2 for some i since otherwise Ef — E2 = —1 
and El ■ E2 — 0, so that E would be disconnected. Hence from 

-2<E^ = Ef +El + 2Ei ■ E2, 

we deduce Ei ■ E2 > 0, so that some component C of the support of E2 must have 
negative intersection with D — Ei, which implies that C is contained in the base 
locus of |D — If we assume that the base locus oi \D — B\ only contains a 
proper subdivisor F oi E — B, then we get a contradiction taking Ei = B + F. 
This gives the claim. 

We now show that D — E is nef. Let C be a negative curve of X with E ■ C > 0. 
First of all we observe that if E"^ = —1, then £^ is a generalized (— l)-curve and 
E ■ C < ior any curve C contained in its support. The same holds if E"^ = —2 
by [BHPVdV04, Corollary 3.6]. Hence in both cases C can not be a component of 
the support A^ of E. We also have D -C > 0, since otherwise C would be contained 
is some connected component of D-^, disjoint from A^, giving E -C = 0. By looking 
at the possible intersection graphs for E (see [BHPVdV04, §3, Chapter HI]) we see 
that 

E-C <2. 

In case E'^ = —1 this is clear since E is a reduced divisor. If E'^ ~ —2 this follows 
from the fact that there exists a fiber of tt such that F — E is effective. 

Thus we have two consider only two cases, li E ■ C = 1, then {D — E) ■ C > Q 
due to D • C > 0. Assume now E ■ C — 2. In this case = —2 and the divisor 
E + C + Kx is lineary equivalent to an effective divisor by the Riemann-Roch 
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theorem since {E + C + Kx)'^ ~ Kx ■ {E + C + Kx) > 0. This imphes that 
D- {E + C)> 2 by Proposition 1.2. Hence 



proving that D — E is nef. 

We now study the base locus oi\D—E\. We can assume E^ = —1, since otherwise 
—Kx ■ {D — E) > 2 so that \D — E\ would be base point free by Proposition 1.2. 
Moreover, by the same proposition, the linear system \D — E\ is base point free 
unless D — E ^ —aKx + C*, where C is a (— l)-curve of X, that is 



In this case the unique component in the base locus of \D — E\ is C. So, either we 
are in case (i) of the statement or C is not contained in the support N oi E and 
in particular E ■ C > 0. Assume we are in this second case. Since E'^ = —1, then 
D C = a+E-C~l = D-E = 0, so that a = 1 and E-C = 0. Observe that E, which 
is a generalized (— l)-curve, can not contain (— 2)-curves, since otherwise the last 
(— 2)-curve in the chain would intersect D negatively contradicting the hypothesis. 
Thus we are in case (ii), concluding the proof. □ 

2.3. Generators of TZ{X). We now determine a minimal generating set for the 
Cox ring of any extremal rational elliptic surface. 

Definition 2.8. Consider the following divisors: 

(i) (— l)-curves or (— 2)-curves, 

(ii) conic bundles, 



(iv) nef divisors D with D'^ ^ 1, D ■ {-Kx) ^ 3. 

For each such divisor D choose a basis of H^{X, D) and let Vl be the union of all 
such bases. An element f G ^ will be called a distinguished section of TZ{X). A 
distinguished polynomial is a polynomial in the distinguished sections. 

Lemma 2.9. Let D — —Kx + A + B, where A, B are two distinct (~l)-curves. 
Then H'^ (X, D) is generated by distinguished sections. 

Proof. By Riemann-Roch Theorem and Proposition 1.2 we have that h^{X, D) — 3. 
Moreover, observe that \D\ contains | —Kx \ + A + and there exists a conic bundle 
D' on X, obtained by connecting A and B with a chain of (— 2)-curves inside one 
fiber, such that D — D' is linearly equivalent to an effective divisor. Thus H^{X,D) 
is generated by sections of degree [—Kx], [D'] and by sections defining negative 
curves. □ 

Theorem 2.10. Let tt : X ^ be an extremal rational elliptic surface. Then the 
Cox ring TZ{X) is generated by distinguished sections. 

Proof. Let D be an effective divisor of X. We will prove the statement by induction 
on d{D) :— D ■ H, where H is an ample divisor on X. 

If B is an integral component in the base locus of \D\, then B is either a (— 1)- 
or a (— 2)-curve (since otherwise h^{X,B) > 1 by Proposition 1.2). Moreover, the 
multiplication map 



{D - E) ■ C ^ D ■ C - 2 = D ■ {E + C) - 2 > 0, 



D 



aKx +E + C. 



(ui) -Kx 



H°{X,D- B) 



H°{X,D) 
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by the section /b defining B is an isomorphism. Since d{D — B) < d{D), then 
H^{X,D) is generated by distinguished sections by induction. 

If = and \D\ is base point free then H^{X, D) is generated by distinguished 
sections by Proposition 2.4. Thus in what follows we can assume D to be nef, big 
and —Kx ■ D >2hy Proposition 1.2. Observe that we can also assume that D is 
not ample and that contains both (— l)-curves and (— 2)-curves by Proposition 
2.1, Proposition 2.6 and the induction hypothesis. 

We now assume that has a unique connected component N . Observe that N 
is a generalized (— l)-curve by the previous assumptions and, since it is connected, 
the (— 2)-curves in its support are components of a fiber F of tt. Let ^ be a (— 2)- 
curve in N . 

If there exists a (— l)-curve B such that B \^ N = then D — B is nef, so that 
\D ~ B\ contains no (— 2)-curves in the base locus by Proposition 1.2. The curves 
A, B satisfy the hypothesis of Lemma 2.5, so that H^{X, D) is generated by sections 
in lower degrees [D — A] and [D — B], thus we conclude by the induction hypothesis. 
On the other hand, if any (— l)-curve intersects iV, there are two possible cases: 

i) The external (— 2)-curve of N intersects a (— l)-curve E. In this case let 

r 
i=l 

where Ni are the components of N. Observe that Q is a conic bundle. We now 
show that D — Q is nef, i.e. it has non-negative intersection with any negative curve 
C. If C is contained in the support of Q, then C • Q = 0, so that {D — Q) ■ C > 0. If 
C is not contained in the support of Q and C ■ Q < 1, then clearly {D — Q) ■ C > 
since D - C > 0. Otherwise C is not in the support oi Q, C -Q — 2 and the union of 
C with the (— 2)-curves in Q is the support of a fiber of tt of type I„, n > 2. Since 
D-C = D - \-Kx) > 2, again we obtain that (D - Q) • C > 0. By Proposition 1.2 
the curves Q satisfy the hypothesis of Lemma 2.5, thus we conclude by induction 
hypothesis. 

ii) The external (— 2)-curve of N does not intersects any (— l)-curve. By looking 
at Table 3, we deduce that X is isomorphic to either Xgm, X22 or X211. In these 
cases, if any (— l)-curve intersects N and the external (— 2)-curve of N does not 
intersects any (— l)-curve, then we can assume that 

7 

i=0 

The morphism which contracts N maps X toP'^, thus D = nL, where L is the pull- 
back of a line in via this morphism. In this case H'^{X,D) — Sym^ H'^ {X , L) , 
so that it is generated by elements in H'^{X, L). Since a basis of H°{X, L) is given 
by distinguished sections of type (iv), then we conclude. 

We now assume that has at least two connected components Ni,N2. Let 
A G Ni and B € N2. By Proposition 2.7, either A is not contained in the base 
locus of \D - B\ or D ^ -Kx + A + B. In the first case H°{X, D) is generated 
by D — A), H^{X, D — B) and by defining sections of curves with negative 

self-intersection by Lemma 2.5, thus we conclude by the induction hypothesis. In 
the second case we conclude by Lemma 2.9. □ 
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Corollary 2.11. A minimal set of generators for TZ{X) is given by the distinguished 
sections which define {— I) -curves, (—2) -curves, a smooth fiber for each conic bundle 
having a unique reducible fiber, a smooth fiber of tt if it has a unique reducible fiber 
and divisors of type (iv) such that contains a generalized {—l)-curve of length 
nine. 

Proof. By Theorem 2.10 it in enough to find a set of distinguished sections which 
gives a minimal generating set of TZ{X). A distinguished section of degree [— ifjf] 
is contained in such set if and only if the elliptic fibration has a unique reducible 
fiber. Similarly, the only conic bundles giving generators of 7?,(X) are those with 
a unique reducible fiber, which have been classified in Proposition 2.4. Finally, if 
D is of type (iv), then Lp :— ^P\d\ : ^ — >■ is a birational morphism. In this case 
H^{X,D) — (p*i7°(P^, C'p2 (1)) is generated by sections defining negative curves 
unless the exceptional divisor of ip contracts a generalized (— l)-curve of length 
nine to one point. A divisor D with this property only exists for the surfaces 
-'^22,-'^2ii and Xgiii (in the last case there are three such divisors, exchanged by 
the Mordell-Weil group). □ 



3. Elliptic surfaces of complexity one 

This section deals with extremal elliptic surfaces X which admit an action of the 
torus r = C*. These are the surfaces A'22,^33,^44 and the surfaces Xii{a), where 
a G C — {0, 1} (see [DuilO, Proposition 9.2.17]). The action of the torus is given as 
follows, where c GT: 



X22'- 


[xo 


Xl 


X2] 




[cxq 


Xl 


C~'^X2 


X33: 


[xq 


Xl 


X2] 




[cxo 


Xl 


C^^X2 


X44: 


[xo 


Xl 


X2] 




[cxo 


Xl 


X2] 


Xii(a): 


[xq 


Xl 


X2] 




[cXq 


Xl 


X2]- 



We will compute the Cox ring of such surfaces by means of [Hau, Theorem 3.18]. 
We recall that a fixed point for the T-action is called elliptic if it lies in the closure 
of infinitely many orbits. In order to compute the Cox ring we proceed in two 
steps, following the technique explained in [Hau, §3.3]: first of all we produce a 
T-equivariant blow-up (p : X' ^ X such that X' does not contain any elliptic fixed 
point, then we construct the intersection graph of the negative curves of X' , i.e. 
the Orlik-Wagreich graph of X'. This information is enough to give a presentation 
of the Cox ring of X', from which one obtains a presentation for the Cox ring of X 
putting equal to 1 the variables corresponding to the exceptional divisors of (p. We 
will discuss in detail one example, the other ones being similar. 

3.1. The surface X22- The surface X22 contains one elliptic fixed point at the cusp 
of the fiber of type II, whose plane model is the curve of equation xf + X2Xq = 0, 
and a curve of fixed points which corresponds to the the trivalent component of the 
fiber of type II*. Blowing-up the cusp three times we obtain a surface X22 which 
does not contain elliptic points. The intersection graph of its negative curves is 
given in Figure 3. The four right-hand side vertices come from the blow-up of the 
cusp (the (— l)-curve there is pointwise fixed), the left hand side is the graph of the 
fiber of type II*, while the central (— l)-curves are orbits whose self-intersections are 
uniquely determined by the following conditions on the Hirzebruch-Jung continued 
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fractions: 

[2,2,2,2,2,1,6] =0, [2,1,2] =0, [2,2,1,3] =0. 

The partial quotients of the previous continued fractions give the orders of the 
isotropy subgroups of the T-action on the generic points of the negative curves of 
X22 according to [Hau, pag. 31]. This aUows to write down a presentation for 
TZ{X22) by [Hau, Theorem 3.18] and of TZ{X22) by putting equal to 1 the variables 
corresponding to the exceptional divisors of the blow-up X22 — > ^22 (those corre- 
sponding to vertices with white circle in Figure 3). The ring TZ{X22) is given in 
Table 4, where the variable is the defining section of the left trivalent vertex 
in the graph and Tg, . . . , T13, T4, Ti, Ts, Tg, T5, r2 are the defining sections of the 
remaining black vertices, ordered row by row from the left to the right. 



-2 -2 -2 -2 -2 -1 -6 




Figure 3. The surface X22 

We observe that the sections xi,xo,X2,xl + XqX2 define the images in of the 
curves defined by T2, T3, Ti and T^^ respectively. The unique relation of the Cox ring 
corresponds to the relation among the three cubics x\, XqX2, Xi +XqX2, which are 
elements of the pencil of cubics having a;2 = as infiectional tangent in (1 : : 0) 
and which have a cusp at (0 : : 1) whose principal tangent is xq — 0. 

3.2. The surface X33. The surface X33 contains one elliptic fixed point, the singu- 
lar point of the fiber of type III, and a curve of fixed points, given by the trivalent 
component of the fiber of type III*. Blowing-up the elliptic point twice we ob- 
tain the surface X' whose intersection graph of negative curves is given in Figure 
4. The ring TZ{X33) is thus computed as before and is given in Table 4 where 
the variable Tg is the defining section of the left trivalent vertex in the graph and 
Ti, Til, T12, Tia, Ts, T4, Tt, Tg, Tg, Tio, Ts are the defining sections of the remain- 
ing black vertices, ordered row by row from the left to the right. 



-2 -2 -2 -1 -4 




Figure 4. The surface X33 



3.3. The surface X44. The surface X44 contains one elliptic fixed point which is 
the singular point of the fiber of type IV. Blowing-up this point once we obtain the 
surface X44 whose graph of negative curves is given in Figure 5. The ring TZ^Xi^) is 
thus computed as before and is given in Table 4 where the variable Ti is the defining 
section of the left trivalent vertex in the graph and T^,TQ,TT,T2,Tg,,Tg,TiQ,T3,Tii,Ti2, 
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Ti3,r4 are the defining sections of the remaining black vertices, ordered row by row 
from the left to the right. 



-2 -2 



x^2 -2 -1 -3\. 

. . . ^0-1 

\^2 -2 -1 iy/ 



Figure 5. The surface X44 



3.4. The surface X\\{a). In this case we have a one parameter family of surfaces 
Xii(a), a e C — {0, 1}. The surface Xii(a) does not contain eUiptic fixed points 
and its graph of negative curves is given in Figure 6 where the variables T12 and 
T4 are the defining sections of the left fourvalent vertex and of the right fourvalent 
vertex respectively and Ti , T7 , Tg , r2 , Tg , Tg , Ts , Ti 1 , Tio , T13 , T14 , T5 are the defining 
sections of the remaining vertices, ordered row by row from the left to the right. 
In this case the Cox ring, which is given in Table 4, has two relations in the same 
degree. These relations correspond to the relations among the four lines x\ = 0, 
Xi = 0, — 0:2 = 0, X\ — ax2 = of the pencil of lines in through (1:0: 0). 



-2 -1 -2 




^2 -1 -2 



Figure 6. The surface Xii{a) 



4. Relations of the Cox ring 

In this section we will determine the ideal of relations I{X) of TZ{X), where X 
is an extremal rational elliptic surface, following [BHKS, Construction 3.1]. 

4.1. Algebraic preliminaries. Let C[T, S] be a polynomial ring in m+n variables 
Ti, . . . , Tjn, Si, . . . ,Sn graded by an abelian group Kt © Ks, where Ks is free. We 
assume that the degrees of the S variables give a basis of Ks- In what follows C[T] 
denotes the polynomial ring in the first m variables graded by Kt, C[T,S^^] is 
the localization of C[T, 5*] with respect to all the S variables and C[T, S'*^]o is its 
degree zero part with respect to the Ks grading. Assume the following diagram of 
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homomorphisms is given: 

/ ^C[T, S] 



c[r, s- 




c[r, s 



where is a graded surjective homomorphism to a Kt © Ks-graded domain R with 
kernel /, u is a ii'T-graded homomorphism with kernel J, l and to are the natural 
inclusions, a — ip o ^ and 

Lo o a{Ti) = L o /3{Ti) = Ti ■ mi{S), 

where nii (S) G C [S] is the unique monomial in the variables S such that Ti ■ rrii (S) 
has Ks degree equal to zero (the uniqueness follows from the hypothesis on the 
degrees of the S variables) . We observe that a is an isomorphism. 

Proposition 4.1. Let J' C C[T,S] be the extension and contraction of the ideal 
a{J) (by lq and l). Then J' C /. 

Proof. Observe that /3( J) C / since a = tp o /3. Moreover, from the equality 

/?( J) • C[T, ^ a{J) ■ C[T, 

we get that J' is contained in the saturation of / with respect to the variables S. 
Since i? is a domain, then / is saturated, hence we get the statement. □ 

4.2. Cox rings of blow-ups. Let f : X ^ Y he a blow-up morphism, where X 
and Y are smooth Mori dream spaces. Let Ti, . . . , Tm, Si, . . . , Sn be a minimal 
set of generators of TZ{X), where 5*1, . . . , Sn define the irreducible components of 
the exceptional divisor of /. The polynomial ring C[T, S] is graded by G\{X) — 
Kt © Ks, where Kt = /* Cl(y) and Ks is the free abelian group generated by the 
degrees of the S variables. 

In this setting we take R = Ti-iX) and -0 ■ C[T, S] — ?> T^{X) to be the natural 
quotient homomorphism with kernel I{X). Observe that, since /3(Ti) has degree 
zero with respect to the iCs-grading, then ip o [3{Ti) = f*{si) via the pull-back 
homomorphism /* : Tl{Y) — > TZ{X). Thus we obtain the following result. 

Corollary 4.2. Let J be the kernel of the KT-graded homomorphism 

(P:C[T]^n{Y), T,^s,. 

Then the ideal J' defined before is contained in I{X) and J' = I{X) if dim J' = 
dim/(X). 

Proof. By definition a — /*o0. Since /* is injective, the first claim in the statement 
follows from Proposition 4.1. By [BHKS, Proposition 3.3] J' is prime since J is 
prime. Thus the second claim follows from the fact that L{X) is prime. □ 

We recall that the quotient of an open subset of the affine variety SpecTl{X) 
for the action of a torus of dimension rankCl(X) is isomorphic to X [ADHL], thus 
dimI{X) = rankCl(X) + 2. 
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4.3. The ideal of relations of rational elliptic surfaces. We recall that any 
rational elliptic surface X is a blow-up of the projective plane at nine points, even- 
tually infinitely near. Fixed a blow-up morphism X — P^, a natural basis for the 
Picard group of X is given by Cq, ei, . . . , eg, where eg is the pull-back of the hyper- 
plane class of and the e^'s with i >\ are the classes of the exceptional divisors 
with Ci • Cj = —6ij (observe that the exceptional divisors with classes ei,...,e9 
are not necessarily irreducible if there are infinitely near points) . Thus in this case 
Kt = 'Z and Ks = Z^. 

Example 4.3. We will apply Corollary 4.2 to compute the ideal of relations of the 
Cox ring of the surface X = X411. We recall that X has an elliptic fibration with a 
unique reducible fiber of type I| and Mordell-Weil group of order two. The surface 
can be obtained from the following pencil of cubic curves: 

{XqXi + X2 + X1X2) + tXiX2 — 0. 

Let li : xi — 0, I2 ■ X2 — and p = (1 : : 0) be their intersection point. We call 
C the smooth cubic given by i = 0. Observe that the line I2 is tangent to C in 
q = (0 : 1 : 0) and the line h is the inflectional tangent of C at p. The surface X is 
obtained blowing-up P^ five times at p (that is at p and at four points infinitely near 
to it) and four times at q. We denote by ei, . . . , 65 the classes of the exceptional 
divisors over p and by ee, . . . , eg those over q, where Ci ■ ej = —Sij and all the e^'s 
are reducible except for and eg, which are taken to be the exceptional divisors 
of the last blow-up over p and q. By Theorem 2.10 a set of generators for the Cox 
ring of X is given by 

• the sections Ti,T2 defining the proper transforms of the lines h and I2, whose 
degrees are: 

[©i] = eo - ei - 62 - 63, [65] = Co - ei - eg - 67; 

• three sections T^,T/^, defining smooth fibers of the conic bundles whose degrees 
are: 

[eo + 68 + EL2 0. + ^0 + Pi] = eo - eg, 

[2Po + 260 + 2 6,; + 67 + 68] = 2eo - eg - 67 - e8 - eg, 

[2Pi +268 + 2 Y.L2 6» + ©0 + 61] = 3eo - (ei + • • • + eg) - 2eg; 

• the section Tg defining the proper transform of the cubic C, of degree 3eo — 

• the sections T7, . . . ,Ti5 defining the irreducible components of the exceptional 
divisors over p and q, whose degrees are: 

[60] = 64-65 [6i] = e5_j - 6g_j [Po] =65 (i = 2, 3, 4) 

[6g] = 67-68 [©7] = eg - 67 [68] = 68 - eg [Pi] = eg 

As a smooth fiber of the first conic bundle we can choose the proper transform of 
the line xq — 0. Moreover, the proper transform of the conic x'^ + X1X2 = is 
smooth of degree 2eo — eg — 67 — 68 — 69 and the proper transform of the cubic 
x^xi + = is smooth of degree 36o — (ei + • • • + 65) — 26g, thus their defining 
sections can be taken to be generators of Tl{X). With these choices, the sections 
si, . . . , sg defining the image of the curves defined by Ti, . . . , Tg are the following: 

Si = Xi, S2 = X2, S3 = Xo, S4= xl+ X1X2, 
S5 = X^Xi + X2, Sg = X^Xi + X2+ x\x2- 
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A computation with Magma [BCP97] shows that a set of generators for the ideal 
J is: 

T1T2 + Ti - T4, T1T4 + T| - Tg, TiTl + T| - T5, 

and gives a set of generators for the ideal J'. This set is the one given in Table 4, 
in fact J' = I{X) since a computation with the same program shows that dim J' = 
12 = dim/(X). 

Remark 4.4. The set of generators of the ideal J given above is induced by 
geometric relations among curves in P^. Infact the three conies S1S2, s| and S4 
belong to the pencil of conies whose tangent in (0 : 1 : 0) is a;2 = and whose 
tangent in (0 : : 1) is xi — 0, thus there exists a linear relation among them, 
which indeed corresponds to the first generator of J. The three cubics S1S4, and 
sg belong to the pencil of cubics which pass through (1 : : 0) (resp (0:0:1)) and 
are osculating to the same cubic, XqXi + x\x2 + x^ — with multiplicity 3 (resp. 
6) in this point. Thus there exists a linear relation among them, which corresponds 
to the second generator of J. Finally, the three cubics sis|, and S5 belong to 
the pencil of cubics with a cusp in (0 : 1 : 0) whose principal tangent is = and 
which are osculating with multiphcity 3 to the cubic XqXi + x| in (1 : : 0). The 
linear relation between them corresponds to the third generator of J. 

The procedure in the previous example allows to compute the ideal of relations 
of the Cox ring of all the extremal rational elliptic surfaces, except for the sur- 
faces X82ii,X9iii and X4422, where we are not able to identify the ideal J' for 
computational reasons. 

Theorem 4.5. The Cox rings of all extremal rational elliptic surfaces are given in 
Table 4- 

Proof. In case the surface has complexity one, its Cox ring is computed in section 
3. Otherwise, the Cox rings are computed by means of Theorem 2.10 and Corollary 
4.2. In order to apply Corollary 4.2, we recall that here y = and the birational 
morphism f : X ^ Y is chosen to be the blow up of the base locus of one of the 
pencils of cubics given in Table 2. The sections si, . . . , £ C[xo, xi, X2] defining 
the homomorphism cj) in Corollary 4.2 are the following: 



-'^^411 
-''^222 

Xl41 
-^^6321 
-^^5511 
-^^3333 



Xi, X2, Xq, X^+XiX2, X^Xi+xl, XqXx + x\ + x\x2 

xo — xi, a;o, xi, X1—X2, x\ + 2xoXiX2 — 2x\x2 — xqxI + xix\, 
x\ + 2xqXiX2 — 2x\x2 — XqX2 + Xix"^ + a;oa;i(a::o — Xi) 
xa, xi, xq-xi, X2, xo^i - + a;oa::2 

xo, xi, X2, X0 + X2, xq + xi, X1+X2, X0+X1+X2, xqXi + xoa;2 + a;ia;2 

Xo, X2, Xi, Xo+Xi, Xq + Xi + X2, X1+X2 

X2, Xi, Xq, Xq + Xi + X2, Xq + Xi + e'^X2, 

Xq + Xl + eX2, Xq + e^Xi + X2, Xq + e^Xl + €^X2, 

Xq + e^Xi + €X2, Xq + eXi + X2, Xq + 6X4 + 6^X2, Xq + eXi + 6X2 



where e is a primitive cube root of unity. □ 



Remark 4.6. The ideal of relation of the surface X3333 is given up to the action 
of its automorphism group G, the Hessian group [AD09]. 



cox RINGS OF EXTREMAL RATIONAL ELLIPTIC SURFACES 



17 



5. Applications 

Let X be an extremal rational elliptic surface. Any contraction of (— l)-curves 
and (— 2)-curves gives a birational morphism X — > X' , where X' is still a Mori 
dream space by [Oka, Theorem 1.1]. Moreover, by [ADHL, Theorem 1.3.3], the 
morphism X ^ X' comes from a toric ambient modification, so that the Cox ring 
TZ{X') is obtained from TZ{X) by putting Ti = 1 for any generator Ti of Ti{X) 
which defines an exceptional divisor of the morphism. This allows one to compute 
the Cox ring of several generalized (and possibly singular) del Pezzo surfaces. We 
will give only two examples here. 

Example 5.1. The Cayley's cubic surface Y is the only cubic surface in P'^ with 
four ordinary double points: 

Y: 1 + ^ + 1 + ^^0. 

Xo Xi X2 X3 

The surface is constructed as follows. Let Zi, h be the defining polynomials of 
four general lines of whose unique linear relation is ^1+^2 + ^3 + ^4 = 0. Then 
the Cayley cubic Y is the image of the rational map P^ — P'^ defined by 

{xq : xi : X2) i-^- ihhh ■ hhh ■ hhk ■ hhh)- 

Indeed the products of three of the above reducible cubics equal hihhhh)'^ , for 
i G {1,2,3,4}, and thus their sum is zero by construction. Hence the minimal 
resolution y of F is the blow-up of P^ along the six points of intersection of the 
four lines. In particular Y contains four (— 2)-curves, corresponding to the four 
lines, and nine (— l)-curves corresponding to the six intersection points plus the 
strict transforms of three lines through pairs of these points. 

Contracting the three (— l)-curves of A6321 corresponding to the generators Tiq, 
T12, Ti4, with the notation in Table 4, it is easy to verify that one obtains a smooth 
surface whose configuration of negative curves is exactly the one of Y . Hence the 
Cox ring of Y is obtained by that of ^§321 by putting equal to one the variables 
Tio, T12, 114. In this case Ti{Y) has 13 generators, which correspond to the negative 
curves, and the ideal of relations is 

1^11^15 + J3Jl3-'l7 — J4Jl6;JlJ9-'l5 + -'2^13-' 16 — ^5^17, 

/ T2T11T1Q + T;}TqTii — TqTi^jTiTqTii + TqTi3 — TjTiqTit, \ 

I{Y) = ( T3T9T13 + T5T11 - TyTisTie, T2Tiiri3 + nTg - TjTi^Tn, \ . 

\ nnri + T2TrT^e - TsTg, TiT2T^^ + TaT^T^j - nTe, I 
TiTrTl^ + T2T3Tl^ - 

The relations above are induced by the pencils of lines through pi , . . . , pg and by the 
pencils of conies through four of the points (such that no three of them are collinear). 
In fact each such pencil clearly contains three sections which are polynomials in the 
generators of the Cox ring. 

To obtain Y it is enough to further contract the (— 2)-curves corresponding to 
Ti, T2, T3, T7. When putting equal to one the previous variables in the generators of 
I{X), one equation contains a pure linear term in the variable Tg. After eliminating 
the variable Tg; we obtain that "R-iY) is generated by r4,T5,Tg,Tg, Tii,Ti3, T15, Tig, 
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Ti7 and its ideal of relations is 

6-1-15 ^ ^ -L 11-^16, ^6^13 + J9J1I — J 16 J 17 7 

/ T4T5 - - T^g , TiTg + T^iTu - T15T17 \ 

I{Y) = ( T5T17 - T9T15 - TigTie, TsTn + T9T13 - TigTig, ) . 

\ JgJll-tlsJie + 13^16^17 + Jll-t 13^16 ^ -'15-' 16-'17j ' 

5^6 — -tg^^ie' -'4J6^-'ll^-'l7' J4Jl6~-'ll-'l5 — -'l3-'l7 

Observe that the degrees of the generators of 7?.(y) are given by the classes of 
deg(Ti) in the quotient C\{X)/K = 1? ©Z/2Z, where K is the subgroup generated 
by the degrees of the variables which have been put equal to one. 

Example 5.2. In [Dcr] Derenthal classified the generalized del Pezzo surfaces 
whose Cox ring has only one relation and described its Cox rings. An easy check 
shows that, by contracting (— l)-curves on extremal rational elliptic surfaces, a sur- 
face for each of the types in [Dcr, Theorem 2] can be obtained. This allows to give 
an alternative computation of their Cox ring in several cases. For example, it is 
known that there are only two del Pezzo surfaces Yq,Yi of degree one and type 
i?8 up to isomorphism [AN06]. These can be obtained by contracting the unique 
section in the surface X22 and in the surface X211 respectively. Their Cox rings are 
generated by Ti, . . . , T12 and the ideal of relations is: 

with A = 0, 1. 



cox rings of extremal rational elliptic surfaces 
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Surface 



Degree matrix and I{X) 



^22 



1 


1 


1 


3 




























-1 


-1 





-1 


1 

























-1 








-1 


-1 


1 























-1 








-1 





-1 


1 





























-1 








-1 


1 


























-1 











-1 


1 























-1 














-1 


1 




















-1 

















-1 


1 

















-1 




















-1 


1 













-1 























-1 







I(X) 




(Tit| + 


T^T^Te - 


TiTgTgTff, 


„4 

11 


ri'2 








1 


1 


3 





























-1 


-1 





-1 


1 


























-1 








-1 


-1 


1 























-1 








-1 





-1 


1 





























-1 








-1 


1 


























-1 











-1 


1 























-1 














-1 


1 




















-1 

















-1 


1 








I ° 








-1 




















-1 


1 





\ 








-1 























-1 


1 



^211 



rj-i4 rriO 'T^D 1^ rr^ rj-i2 rj-i2 rri2 rri2 rri^ rri2 rri2 rri2 /Ti2 rri2 \ 

0-'ll^l2^13 ^1^2 -'5 ^6 ^7^8 ^9 ^10 ^11^ 12 ^13/ 



^411 



1 


1 


1 


2 


3 


3 




























-1 


-1 








-1 


-1 




























-1 











-1 


-1 























1 


-1 


-1 











-1 


-1 




















1 


-1 

















-1 


-1 

















1 


-1 




















-1 


-1 














1 


-1 














-1 


-1 


-1 


-2 


-1 











1 




















-1 





-1 





-1 








1 


-1 


























-1 





-1 





1 


-1 




























-1 





-1 


1 


-1 























7(X) : 



T*i rj-iO rj-jti rj-i rj-iA rriO T'4 rri4 rj-i^ rj-i rj-i^ rj-i rj-i i rj-\J, rri 

7 ^8^9 ^10Al"l2"l3^14^15^1^2 - + ^3 ^6, 

T^TlT^T^gTiiT^^Ti - T^gTuTe + T1T4, T^iTf2Tf^Tf^T^^T^T2 - T^TgTe + T10T5, 
7^8^9^10^14^15^2 — JllJl2J5 + JlJ3> ^11^12^13^14^15^1^2 — + 



^9111 



^33 





1 


1 


2 


2 


2 


3 


4 


4 


4 





























\ 





-1 


-1 


-1 


-1 





-1 


-2 


1 
































-1 





-1 


-1 





-1 


-2 


-1 


1 






































-1 


-1 





-1 


-2 





-1 


1 




















-1 


-1 





-1 





-1 


-1 


-2 





-1 











1 

















-1 








-1 








-1 


-2 





-1 











-1 


1 























-1 








-1 


-2 





-1 














-1 


1 














-1 


-1 -1 


-1 





-1 


-1 


-2 























1 










-1 








-1 





-1 


-1 


-2 























-1 


1 





V 











-1 





-1 


-1 


-2 


























-1 


1 










1 


2 


1 








































(X 





-1 


-1 


1 






































-1 





-1 





-1 


1 









































-1 








-1 


1 






































-1 











-1 


1 



































-1 














-1 


1 
































-1 

















-1 


1 

























-1 


























1 




















['i 


-1 


























-1 


1 


















-1 





























-1 
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Surface 



Degree matrix and I{X) 



X 



321 



1 


1 


2 


1 




























-1 





-1 


-1 


1 


























-1 





-1 





-1 


1 





























-1 








-1 


1 


























-1 











-1 


1 























^1 














-1 


1 




















-1 

















-1 


1 











-1 


-1 


























1 











-1 


























-1 


1 


°) 





-1 





























-1 





I(X) = (TiTaTi^TfjT^a - TsTrTiT^Tfo - T^T^ + TiTiTsTeTyTgTgTioTnTiaTia) 



8211 



1 


1 


1 


1 


2 


2 


2 


3 


3 





























-1 





-1 


^1 











-1 


-1 


1 



































-1 











-1 


-1 


-1 


1 























-1 


-1 








-1 





-1 


-2 


-1 








1 




















-1 











-1 





-1 





-1 








-1 


1 





























-1 





-1 





-1 











-1 


1 

















-1 


-1 





-1 


-1 





-1 


-2 

















1 

















-1 





-1 


-1 





-1 




















-1 


1 




















-1 


-1 





-1 























-1 


1 








-1 





-1 





-1 


-1 
































1 







/ 1 


1 


1 


1 


































-1 


-1 








1 



































-1 








-1 


1 
































-1 











-1 


1 


























-1 





-1 














1 



















X44 










-1 














-1 


1 
























-1 

















-1 


1 

















-1 








-1 




















1 














\ ° 








-1 




















-1 


1 










\ 








-1 























-1 












I(X) 
























/ 1 


1 


1 


1 


































-1 


-1 








1 























'\ 











-1 








-1 


1 
































-1 











-1 


1 


























-1 





-1 














1 



















X4SI 










-1 














-1 


1 
























-1 

















-1 


1 

















-1 








-1 




















1 














\ ° 








-1 




















-1 


1 










\ 








-1 























-1 










+T3T8TI 


rfo - 




'^13 








/ 1 


1 


1 


1 


3 


3 


































-1 


-1 


-1 





-1 


-1 














1 




















-1 











-1 


-1 











1 


-1 




















-1 











-1 


-1 








1 


-1 



































-1 


-1 





1 


-1 






















X222 
















-1 


-1 


1 


-1 

































-1 


-1 


-2 


-1 




















1 




















-1 








-1 

















1 


-1 

















-1 





-1 


-1 


-2 


























1 






\ 


-1 








-1 


























1 


-1 / 



I{X) : 



T\T.j Tg Tg Tio — T^T^Ti^ + T^T^^Tls, T4 TgTg Tio + T2T5T14 — T^TqT^^, 
T13 — T2 T^TiqT-^^iTi^ + ^6 T^. T1T4 T15 — T2r3 TioT;j^iT^2 + '^S'^V 

TiT2T3TsT|TfoTfi + T5T13 - T^Tis 



X 



141 





1 


1 


1 


2 































-1 


-1 





-1 











1 

















-1 











-1 








1 


-1 





























-1 





1 


-1 
































-1 


1 


-1 
























-1 





-1 


-1 














1 

















-1 























-1 


1 

















-1 


-1 


-1 




















1 








I ° 





-1 


























-1 


1 













-1 





























1 



I(X) = { T1T4T24 +T2T3T9T11T13 - T5TIT7, T1T6T7T8T14 - T2TioT2i - T3T12T23 ) 
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Surface 



Degree matrix and I{X) 



/ 1 


1 


1 


1 


1 


1 


1 


2 





























-1 





-1 


-1 











-1 


1 



































-1 











-1 


-1 


1 























-1 


-1 








-1 








-1 








1 
































-1 








~1 








-1 


1 




















-1 


-1 








-1 





-1 














1 





























-1 





-1 














-1 


1 











-1 














-1 


-1 























1 








I ° 


-1 





-1 








-1 


























1 





\ 





-1 





-1 





-1 





























1 



I(X) : 



T2T11T12T16 + T3T9T10T17 — T6T14T15, T'iTiiTi2Ti5 + T3T13T14T17 — T4rioTi6, 
TiT9rioTi5 + T2T1ST14T1Q — T5T12T17, TiT^TgTi^Tn + T^T^T-^q — T8T12T14, 
T1T2T11T15T16 + T^T^T^j — T8T10T14, T3T9rioTi3ri4 + T^TwT^^. ~ TlT^lbTlQi 
'^iT'qTiqTixT\2 + T'6T'i3T14^ — TjTiqTij , T^T^T^^ + T^T^^T-^^s^^x^T-^^t — T^TiqTi^, 
T2T11T12T13T14 + T^TqT'^q — TjTiqTij , T^TgTiiT^g — T4T5T16T17 + TqTi^T^^, 
TiT2T^lT^2 + ^sTjT^j — T4TQT1QT14, T^TqTi^T^j — T4TQT1QT1Q + TqTiiT^2' 
TiTyT^^^ + ^2T'3T]^3T]^4 — T4T5T10T12 , TiTsTg T^^q -\- T2T'^T-^^e — T^TqTi2Ti4, 
^2 ^11^13^16 ~ ^5^6^15^17 + ^8^9^10' ^1^2 T'3T9Tii T13 + T4T5T6 — T-^Tg 







1 


1 


1 


1 































(X 








-1 





1 




























-1 














-1 


1 




























-1 





-1 











1 

























-1 

















-1 


1 

























-1 


-1 

















1 






















-1 




















-1 


1 













-1 


-1 


-1 





-1 




















1 






















-1 




















-1 


1 





\ 











-1 























-1 


1 



/(X) = ( (a - 1)T2TsT| - TaTioTi^ +T5Ti3Tf4, (a - l)TiTeT^ - aTaTioT^i + T^TiaT^^ ) 



1 


1 


1 


1 


1 


1 





























-1 





-1 


-1 











1 
































-1 








1 


-1 























-1 











-1 


-1 











1 

















-1 























1 


-1 




















-1 





-1 


-1 




















1 














-1 


























1 


-1 














-1 


-1 








-1 























1 




















-1 




















1 


-1 











-1 





-1 





























1 



/ 



T2TllT'i3Ti4 + T4T7T8 — T5T9T10T15, + T3T7T8T15 — TeTgTioTis, 

TiTgTio +T3T13T14T15 — T4T7T11T12, TiTyT^Tq — T5T11T12T15 + TqTi^Ti4, 



1 


1 


1 


1 


1 


1 


1 


1 


2 


2 


1 





























-1 





-1 








-1 








-1 


-1 


-1 


1 









































-1 








-1 


-1 





-1 


1 


























-1 





-1 


-1 











-1 


-1 


-1 








1 























-1 




















-1 


-1 











-1 


1 

















-1 








-1 








-1 





u 


-1 

















1 














-1 











-1 








-1 


-1 























1 














-1 











-1 


-1 


-1 





























1 














-1 


-1 











-1 


-1 





























1 











-1 





-1 





-1 








-1 





























1 





/ 1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 





































-1 


-1 











-1 











-1 


1 


































-1 








-1 


-1 











-1 








1 































-1 





-1 











-1 


-1 














1 

























-1 





-1 








-1 








-1 

















1 






















-1 











-1 








-1 








-1 














1 



















^1 








-1 








-1 








-1 




















1 













-1 








-1 


-1 


-1 






































1 










-1 


























-1 


-1 


-1 























1 





\ -1 

















-1 


-1 


-1 



































1 



(_2e - l)TiT2oT2i - T5T15T1S + T6T14T17 
(e — l)TiT^Tig + T8rioTi3Ti6 — TgTuTi^Tiy 
T1T2T3 + l/9(-e + l)TiTgTii + l/9(e - l)T5TrTi2 
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